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Two-dimensional NOE spectroscopy is a valuable tech- Uncertainties in estimated CR rates are generated by
( i ) errors in measurement of peak volumes, and ( ii ) errorsnique for investigation of biological macromolecules in solu-

tion (1, 2) . A 2D NOE spectrum can be viewed as a matrix introduced by the approximations used in the relaxation
analysis. The errors in measured peak volumes arise dueof peak volumes (3, 4)
to presence of spectral noise ( 13, 19 ) , overlap of peak
volumes ( 13 ) , finite spectral resolution (13 ) , and possi-a(tm) Å exp [0Rtm]a(0) , [1]
ble systematic errors ( 23 ) . At present, overlap of spectral
peaks severely limits the application of relaxation-matrix

where tm represents the mixing time, R is the relaxation
analysis which requires a complete mixing matrix as in-

matrix, and a(0) is the matrix of peak volumes for tm Å 0.
put. The initial-slope method is less sensitive to this prob-

Off-diagonal elements of the relaxation matrix are cross-
lem, since it can be independently applied to well-re-

relaxation (CR) rates which allow estimation of internuclear
solved spectral peaks. In this Communication, we investi-

distances, the latter being essential inputs for macromolecu-
gate errors which arise solely from spectral noise, and we

lar structure determination by NMR. There are two standard
ignore other possible sources of errors in the measure-

methods for the estimation of CR rates from the experimen-
ment of peak volumes. This choice is motivated by the

tally measured mixing matrix a(tm): initial slope approxi-
ubiquitous presence of spectral noise (which equally af-

mation (3, 5, 6) and relaxation-matrix analysis (4, 7–12) .
fects the initial-slope and relaxation-matrix methods, and

Initial-slope approximation is based on the truncated series
therefore allows their straightforward comparison ) , and

expansion of the matrix exponential from Eq. [1] and is valid
by the recently derived equation for propagation of errors

only for short mixing times (3, 5, 10) . Relaxation-matrix
in the relaxation-matrix analysis ( 19 ) .

analysis inverts Eq. [1] and gives an exact solution for the
Spectral noise introduces an uncertainty in measuredrelaxation matrix (4, 10)

peak volumes, which, in turn, generates an uncertainty in
calculated CR rates. We focus on the transmittal of those
errors by the logarithm in Eq. [2 ] , especially in the con-R Å 0 1

tm

ln [a(tm)a01(0)] . [2]
text of protein structure determination. We show that ( i )
an increase in protein size inevitably leads to an increase
in the uncertainty of estimated CR rates, and ( ii ) forHigh quality of spatial constraints is essential for high
remote methylene protons, which account for up to one-resolution of macromolecular structures obtained from NMR
third of all the CR rates useful for structure determination,data (13–15) . Cross-relaxation rates contain information
the initial-slope approximation may give a better resultabout molecular dynamics (16–18) and are interesting for
than relaxation-matrix analysis. This latter point is unex-their own sake. It is therefore highly desirable to measure
pected because the initial-slope approximation is itselfCR rates both accurately and precisely. Accordingly, the
essentially an approximation of the relaxation-matrixpropagation of errors in the relaxation analysis of 2D NOE
analysis. However, the errors in two methods propagate(13, 19) , and its influence on derived interproton distances
differently, and initial-slope approximation may be com-(20–22) , is an important problem. In this particular context,
pensated from the approximations used by a more favor-propagation of errors refers to the propagation of uncertain-
able propagation of errors.ties in experimentally measured peak volumes into the CR

rates obtained by relaxation analysis. An equation for the propagation of small random errors in
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Eq. [2] has been described in Ref. (19). This equation gives
the uncertainty in calculated CR rates as a function of the
eigenvalues li and eigenvectors ui of the relaxation matrix

DRij Å Da H∑
N

kÅ1

∑
N

lÅ1

u 2
iku 2

j l

1 F lk 0 ll

exp(0lktm) 0 exp(0lltm) G
2J1/2

. [3]

DRij refers to the element Rij of the relaxation matrix R , Da
is the error in measurement of peak volumes, and uik denotes
the k th element of the normalized eigenvector that belongs
to the eigenvalue li . Since R is symmetric, Eq. [3] implies
that DRij Å DRji for i , j Å 1, 2, . . ., N .

Consider the hypothetical four-spin system, depicted in
Fig. 1a, where s and s1 denote cross-relaxation rates. We
shall assume the slow motional limit (vtc @ 1, valid for
macromolecules in high magnetic fields) , and that external
relaxation is negligible. From Fig. 1, it follows that R12 Å
s1 , R13 Å R14 Å R23 Å R24 Å R34 Å s, R11 Å R22 Å 0(s1

/ 2s) , and R33 Å R44 Å 03s. This cumbersome notation
is needed because, for example, although R13 and R34 are equal,
errors associated with them are not. From the relaxation matrix
(whose elements are Rij) , one can find its eigenvalues li and
eigenvectors ui , and application of Eq. [3] yields

DR12 Å DaH 2s 2

[exp(4stm) 0 1]2

/ (s0 s1) 2

exp[4(3s/ s1)tm]
1 [exp(02(s/ s1)tm)0 exp(04stm)]2

/ (s1 / s)2

[exp(2(s1 / s)tm) 0 1]2

FIG. 1. Two model spin systems discussed in the text. The case of
interest is when És1É @ ÉsÉ. The connection between s1 , s and the elements
of the relaxation matrix R is the following: (a) R12 Å s1 , R13 Å R14 Å R23/

1 / exp(08stm)
/ 4 exp[04(s / s1)tm]

16t 2
m

J1/2

, [4a] Å R24 Å R34 Å s; (b) R12 Å R34 Å s1 and R13 Å R14 Å R23 Å R24 Å s.

DR13 Å DR14 Å DR23 Å DR24

Å DaH 4s 2

[exp(4stm)0 1]2 DR34 Å DaH 6s 2

[exp(4stm)0 1]2

/ 1 / 3 exp(08stm)
16t 2

m

/ 1 / 9 exp(08stm)
16t 2

m
J1/2

. [4c]

/ 3(s1 0 s)2

2[exp(2(s / s1)tm)0 exp(4stm)]2
The uncertainty DR12 increases as ÉR12ÉÅ És1É increases,

and the relative error DR12 /R12 (for some optimal and fixed

/ (s1 / s)2

2[exp(2(s1 / s)tm) 0 1]2J1/2

,
[4b] mixing time) does not change much. However, Eqs. [4b]

and [4c] show that DR13 , DR14 , DR23 , and DR24 also depend
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In the limit s1 r s, Eqs. [4a] and [4b] collapse into Eq.
[4c] , which gives the uncertainty in the four-spin system
when all CR rates equal s. As a logical extension, one can
consider several spin systems which differ in the number of
spins, when all CR rates are the same and equal to s. In
three-dimensional space, this is impossible for N ú 4. How-
ever, the effects discussed here are inherent in the matrix
logarithm from Eq. [2] and do not depend upon the possible
spin arrangements; hence, such limits can be used to obtain
qualitative behavior. Thus, the solution of Eq. [3] gives the
error in s as a function of the size of the spin system (N) :

DRij Å DaH 2(N 0 1)s 2

[exp(Nstm) 0 1]2

FIG. 2. Residues participating in the 4.5 Å sphere used in computer
simulations. Relative positions of examined spin pairs ARG37 Hg2–ARG24

Hb2 and ARG37 Ha–TYR23 H e1 are shown. / 1 / (N 0 1)2exp(02Nstm)
N 2t 2

m
J1/2

, [5]

upon s1 while DR34 does not. Specifically, as És1É Å ÉR12É where i , j Å 1, 2, . . . , N (note that in the slow-motion limit
increases, uncertainties DR13 , DR14 , DR23 , and DR24 also s õ 0, and Eq. [5] is an exponentially rising function).
increase. In the limit És1É @ ÉsÉ, both absolute and relative Equation [5] shows that the uncertainty in the calculated
errors for R13 , R14 , R23 , and R24 become much larger than relaxation matrix steadily increases with the size of the spin
those for R34 . This is a consequence of the effect of a specta- system. Consequently, for a given level of spectral noise,
tor spin described previously in the three-spin system (22) . there is a theoretical limit in the size of the spin system which
Note that this error arises because R13 , R14 , R23 , and R24 can be successfully treated by relaxation-matrix analysis.
share one spin with the strong cross-relaxation R12 . The error An increase in the size of the spin system will result in
DR34 is unaffected by R12 Å s1 , as Eq. [4c] shows. In many interproton distances greater than 5 Å, which do not
proteins, this effect would influence the CR rate which con-
nects a methylene proton and some close nonmethylene pro-
ton (see below).

The related question concerns the CR rates which share
both of its spins with the two much stronger CR rates. Such
a case occurs for CR rates connecting two remote methylene
protons, and the hypothetical four-spin system shown in Fig.
1b may serve as a model. Application of Eq. [3] yields Eq.
[4a] for the uncertainties in all six cross-relaxation rates;
absolute errors DR13 , DR14 , DR23 , and DR24 are equal to
DR12 (DR34) . Therefore, if És1É @ ÉsÉ, relative errors DR13 /
s, DR14 /s, DR23 /s, and DR24 /s become very large.

We want to stress that this increase in relative errors is
solely due to the influence of strong CR rates R12 and R34 ,
with whom R13 , R14 , R23 , and R24 share a spin. In the first
example (Fig. 1a and Eq. [4c]) , the uncertainty DR34 re-
mains unaffected, since R34 shares no spin with the strong
CR rate R12 . By the same token, in the second example, R13 ,
R14 , R23 , and R24 are under the double influence of strong
CR rates R12 and R34 . We refer to this as the effect of remote FIG. 3. Computer simulations of the model protein fasciculin 1. Shown

are the standard deviations versus mixing time for the 4.5 Å sphere modelmethylene protons. Because of the 1/r 6 dependence of CR
(full line) , 8.0 Å sphere model (broken line) , and the isolated spin pairrates, methylene (úCH2) proton pairs exhibit much stronger
with the interproton distance of 3.14 Å (dots, labeled isp) . Due to thecross relaxation than other proton pairs in a protein; there-
influence of methylene partners ARG37 Hg1 and ARG24 Hb1 , ARG37 Hg2–

fore, the effect of remote methylene protons will impact CR ARG24 Hb2 cross-relaxation rate is determined with uncertainty several fold
rates between protons that belong to different methylene larger than that of ARG37 Ha–TYR23 H e1 . See text for more details about

the computer simulations.groups.
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TABLE 1
Selected Results Obtained from the Computer Simulations of the Relaxation-Matrix Analysis and Quadratic Two-Spin

Approximation for a 4.5 Å Sphere in the Presence of 0.5% Spectral Noise

Protons Rij (s01)a DRij (s01)b Distance (Å)c

X-ray structure

37 Ha–23He1 00.292 N/A 3.145
37Hg2–24Hb2 00.296 N/A 3.138

Relaxation-matrix analysis,d tm Å 60 ms

37Ha–23He1 00.294 0.078 3.02–3.31
37Hg2–24Hb2 00.294 0.168 2.91–3.62

Relaxation-matrix analysis,d tm Å 150 ms

37Ha–23He1 00.293 0.048 3.07–3.24
37Hg2–24Hb2 00.262 0.466 ú2.70

Quadratic two-spin approximation,e tm Å 40, 80, 120 ms

37Ha–23He1 00.279 0.100 3.01–3.41
37Hg2–24Hb2 00.250 0.101 3.05–3.52

a The mean for computer simulations.
b The standard deviation for computer simulations.
c Distance ranges were calculated as to correspond to mean { standard deviation.
d The standard deviation for ARG37 Hg2–ARG24 Hb2 has a minimum at tm Å 60 ms (see Fig. 2). For each mixing time, the relaxation-matrix analysis

was repeated 500 times.
e Three 2D NOE spectra were assumed (tm Å 40, 80, and 120 ms), and the analysis was repeated 104 times.

give rise to NOE cross peaks; i.e., many off-diagonal ele- (0.5%) relative to the volume of diagonal peaks at tm Å 0.
For each mixing time, an average of 500 relaxation-matrixments of the relaxation matrix (CR rates) will be zero for

practical purposes. If there is some prior information about evaluations was calculated.
Both spheres include ARG37 Ha , ARG37 Hg1 , ARG37the molecular spatial structure, the spectral peaks which cor-

respond to protons further than 5 Å apart can be preset to Hg2 , ARG24 Hb1 , ARG24 Hb2 , and TYR23 H e1 . The dis-
tances between protons ARG37 Hg2–ARG24 Hb2 and ARG37zero, and therefore would not contribute to the propagation

of errors. Our conclusion regarding Eq. [5] , however, rests Ha–TYR23 H e1 are 3.15 and 3.14 Å, which can be consid-
ered equal for practical purposes. Hence, the difference inon the assumption that no prior information about the molec-

ular spatial structure is available; the volumes of spectral uncertainties in their determination arises solely from the
effect of remote methylene protons, which affects only thepeaks which enter the relaxation-matrix analysis are never

zero, but possibly are below the level of spectral noise. CR rate of ARG37 Hg2–ARG24 Hb2 . Figure 2 shows five
residues participating in the 4.5 Å sphere, and relative posi-Therefore, for an N-spin system, the volumes of all N 2 spec-

tral peaks contribute to the error in CR rates. tions of examined spin pairs ARG37 Hg2–ARG24 Hb2 and
ARG37 Ha–TYR23 H e1 .We studied the influence of these effects by using the

small protein fasciculin 1 (24) as a model. We simulated the Figure 3 shows that the uncertainty in the determination
of the CR rate ARG37 Hg2–ARG24 Hb2 is 2–10 times largervolumes of cross and diagonal peaks to which the prescribed

spectral noise was added. Since simulations with the com- than that for ARG37 Ha–TYR23 H e1 , depending on the mix-
ing time. (Since the two CR rates are nearly equal, this holdsplete relaxation matrix were not feasible, a limited set of

proton resonances was selected with a sphere from the pro- for both absolute and relative errors.) The increase in the
uncertainties for the 8.0 Å relative to the 4.5 Å sphere istein interior (13) . We used two spheres with a common

center and radii of 4.5 and 8.0 Å, which include 15 and 68 solely due to the augmented size of the spin system. The
uncertainty for ARG37 Ha–TYR23 H e1 CR rate is slightlyNMR proton resonances, respectively. Methyl groups were

treated as geometrically averaged pseudoatoms. Rigid body larger than the uncertainty observed for the isolated spin pair
featuring the same distance (Fig. 3) . Table 1 shows theisotropic tumbling with a correlation time of 5.0 ns, a spec-

trometer frequency of 500 MHz, and an external relaxation uncertainties in calculated CR rates and corresponding dis-
tance intervals for the 4.5 Å sphere.of 0.2 s01 was assumed. The noise was taken to follow a

Gaussian distribution, with a standard deviation of 0.005 At short mixing times, the matrix logarithm can be ap-
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